The paper describes the sequence of bifurcations leading to multistability of periodic and chaotic synchronous attractors for the coupled R6ssler systems which individually demonstrate the Feigenbaum route to chaos. We investigate how a frequency mismatch affects this phenomenon. The role of a set of coexisting synchronous regimes in the transitions to and between different forms of synchronization is studied.
INTRODUCTION
Synchronization of chaotic systems has become a significant field of research in recent years. Different approaches to chaotic synchronization, its criteria and peculiarities of bifurcation mechanisms of desynchronization have been developed in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . It seems that the classical concept of synchronization related to the locking of the basic frequencies and instantaneous phases of oscillations or the suppression of the basic frequencies is acceptable for a certain class of chaotic systems those wherein the basic frequencies can easily be distinguished in the power spectrum [6] [7] [8] [9] [10] [11] . The basic frequency corresponds to the period of the initial limit cycle which produces a chaotic attractor via a cascade of period-doubling bifurcations (Feigenbaum scenario). The transition from nonCorresponding author.
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synchronous chaos to synchronous behavior may be diagnosed by different methods. Anishchenko et al. [7, 17] compare the results from numerical simulation as well as from full-scale experiments and diagnose the boundary of chaotic synchronization when the locking of the basic frequencies of chaotic oscillations takes place. In [9] [10] [11] this transition is determined from the behavior of the instantaneous mutual phases of oscillations. Finally, in [16, 18] the authors suggest a method based on calculation of the characteristic time of a system as the mean return time to a Poincar6 surface.
In the parameter space of a system there exist regions which correspond to the frequency and/or phase locking (Arnol'd tongues). Chaotic oscillations inside these regions are synchronous. For identical interacting chaotic systems complete (full) synchronization is observed for a strong enough 232 T.E. VADIVASOVA et al.
coupling strength [2, 3, 5] . It implies that timeseries of corresponding dynamical variables of subsystems coincide completely: x(t)=xz(t).
When a weak frequency mismatch is introduced lag synchronization appears, as a coincidence of the states of two systems: x(t+r)=xz(t) when shifted in time 11 ] .
Multistability is another typical phenomenon observed in nonlinear dynamical systems. It is found commonly in many fields of science [19] [20] [21] [22] [23] [24] [25] [26] . It has been shown in [17, 27] that this type of multistability is structurally stable with respect to a weak mismatch between the basic frequencies. But the sequence of bifurcations is changed when the mismatch and the coupling strength are increased.
Postnov et al. [27] described the nested structure of the phase synchronized region.
In [7, 8] , chemical [28] and biological [29] systems. Because synchronization between two systems involves phase relations the notion of the phase for chaotic oscillators and several methods to characterize the phase dynamics were intensively discussed [9, 10, 11] 2i Ai(t) sin (2) Here, A(t) and q(t) are the instantaneous amplitude and phase, respectively; 2(t) i-Ix(t) denotes Hilbert transformation [30] . This approach to the investigation of chaotic dynamics was firstly introduced by Rosenblum et al. [9] . In the case when the dynamical variables x(t) and y(t) are connected in a linear way (as for the R6ssler system, for example)
it is easy to apply the following substitution:
Here, A(t) and (t) As /z increases, the "in-phase" limit cycle C o undergoes a period-doubling bifurcation. A cycle (2C) of twice the period emerges smoothly. The cycle C O which becomes saddle continues to exist and undergoes another period-doubling bifurcation. As a result of this bifurcation a saddle cycle 2C of twice the period is born. This cycle is not located any longer in the symmetric subspace U but it is self-symmetric with respect to the invariant manifold U (i.e., x=-x2, yl=-y2, zl =-z2). It becomes stable via inverse subcritical pitchfork bifurcation as # is further increased.
In the same manner, each "in-phase" limit cycle 2nC gives rise the corresponding branch of "out-of-phase" regimes. For the above "out-ofphase" cycles the replacement of the next perioddoubling bifurcation by torus birth bifurcation takes place. The torus birth bifurcation leads to quasiperiodicity, frequency locking and emergence of new "out-of-phase" families of attractors which follow the period-doubling route to chaos. Beyond the threshold, a set of chaotic attractors coexists. As # increases, there are the merging bifurcations where the number of bands in the attractor is halved. Besides this, a crises of chaotic limit sets leading to the merging of attractors of different branches take place. Finally $2(_) {(x2(t + -) xl (t))2), (4) where the angular brackets assume the averaging over time.
Let us consider the evolution of chaotic attractors in detail. Note, that there are three types of crises labeled in Fig. as "cross": a transformation of a chaotic attractor into a chaotic saddle, a merging of chaotic attractors of the same branch, and merging of a chaotic attractor of one branch with a chaotic attractor of another branch. As # is increased, at the branch A a chaotic attractor which appears via a period-doubling cascade of "inphase" regimes and which is located in the subspace U bifurcates in a chaotic saddle. At this moment, the second positive Lyapunov exponent of chaotic trajectories in U is indicated. It corresponds to the additional unstable direction which is transverse SYNCHRONOUS CHAOTIC OSCILLATIONS 235 to U. This transition leads to the loss of complete synchronization. The mechanism of similar transitions was studied in [31] [32] [33] [34] [35] . When Fig. 2(a) ) which at # 6.036 undergoes a crisis with a chaotic saddle of the branch A as well as a band merging As a result, the branches A and D merge together with appearance of a chaotic attractor 4CA (Fig. 2(b) ). This merging crisis is accompanied by "on-off" inter- 4 
EFFECT OF FREQUENCY MISMATCH
In this section we introduce a mismatch between the basic frequencies in the system of coupled oscillators and study the evolution of multistability and different forms of synchronization. any longer and the relations of symmetry for limit sets are not satisfied. Therefore, pitchfork bifurcations of limit cycles are replaced by tangent bifurcations leading to the birth of saddle "out-ofphase" cycles [35] .
When a frequency mismatch is increased (A > 0.0015), the period-doubling bifurcations for cycles 2Cl, 4C 2, are observed instead of torus birth bifurcations (Fig. 4(b) regime remains topologically equivalent to the attractor in U. In this case referred to as lag synchronization [11] , the oscillations of two systems coincide but shifted in time. For chaotic attractors of other families and attractors appearing via merging of chaotic sets from different branches full coherence cannot be achieved. They demonstrate only phase coherence properties. 
PHASE TRANSITIONS NEAR THE BOUNDARY OF SYNCHRONIZATION REGION
A bifurcational mechanism of the phenomena that take place at the boundary of chaotic phase synchronization is associated with the bifurcations of the saddle periodic orbits. Anishchenko et al. [7] have described this boundary as an accumulation of curves of tangent bifurcations of saddle cycles.
Pikovsky et al. [14] suggest (for the model twodimensional map) that attractor-repeller collisions take place at the transition to chaotic synchronization, thus drawing an analogy with the tangent bifurcation of a limit cycle. Most recently [15] , the transition to phase synchronization was considered as a boundary crisis mediated by unstable-unstable pair bifurcations on a branched manifold. We are 238
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interested in the transition between different coexisting regimes near the boundary of the phase synchronization region. When a mismatch between the basic frequencies of interacting oscillators is introduced the regions ofchaotic phase synchronization, similar to Arnol'd tongues for periodic oscillations, appear on the parameter plane. Hierarchy of multistability of synchronous regimes near the boundary (Fig. 5) differs from the case of A 0. Taking into account the different sequence of bifurcations for periodic solutions that has been described in previous section, we focus on the peculiarities of the behavior of chaotic attractors. For a large mismatch, "outof-phase" attractors of the branches B and C become the saddles. When # is increased, they merge with "in-phase" attractor of the branch A. Figure 6 shows the projections of Poincar6 sections of coexisting chaotic attractors 4CA and 4CA (Fig. 6(a) ) and attractor 2CA p (Fig. 6(b) ) which born as a result of merging of chaotic sets from all branches. this structure, the transition to non-synchronous behavior in the region of multistability (direction a in Fig. 7) is determined by the loss of stability for the most robust synchronous mode (the branch B in our case). Chaotic attractors of the branch A found to be structurally stable when # is increased.
Hence, above the region of multistability the transition from complex chaotic regimes, appearing after a set of merging crises, to non-synchronous dynamics (direction b) is observed.
The boundary of the synchronization region is diagnosed by the calculation of the spectrum of Lyapunov exponents and the diffusion coefficient of a phase difference. The later is described as follows: Figure 8 displays these characteristics of synchronization along the direction a marked in Fig. 7 at /,=6.8. It is clearly seen (Fig. 8(a) ) that one of the negative Lyapunov exponents becomes equal to zero at the boundary of the synchronization region (a vertical dashed line). The same behavior has been observed for R6ssler system with periodic forcing [16] . The coefficient of diffusion is vanishing inside the synchronization region but at the boundary it starts to grow ( Fig. 8(b) ). Similar calculations has been performed along the other direction b marked in Fig. 7 . Figure 9 (a) and (b) show that the behavior of Lyapunov exponents is not changed while the coefficient of diffusion is very sensitive to the transition to a non-synchronous regime.
Based on the results from [7, 14, 15] where the bifurcation mechanism of phase synchronization is related to the bifurcations of saddle periodic orbits embedded in a chaotic attractor, we constructed the curves of tangent bifurcations of saddle cycles from the branches A and B (bold and thin dotted lines in Fig. 7, respectively results presented above we can draw the following conclusions.
Two mutually coupled identical oscillators individually following the period-doubling route to chaos demonstrate the phenomenon of phase multistability, i.e. simultaneous existence of different periodic and chaotic attractors in the phase space of the system. This phenomenon is related to the possibility of various phase shifts between the oscillations of the partial systems. The number of coexisting regimes on the threshold of chaos inside the synchronization region for a weak coupling may be huge. As the control parameter is increased within the chaotic region a sequence of crises takes place: band-merging bifurcation that reduces the number of possible synchronous regimes by two; a merging of the different chaotic attractive and saddle sets. These transitions lead to the formation of a single hyperchaotic regime in the phase space of the system. In coupled R6ssler oscillators the bifurcation scenario leading to multistability is similar to that observed for the other models with Feigenbaum route to choas and its main features are independent on the particular properties of a model.
A set of coexisting attractors of a system is structurally stable with respect to a mismatch between the basic frequencies. But the sequence of bifurcations can be different because of the symmetry relations are destroyed.
A nested structure of phase synchronized regions for different coexisting attractors is observed. We demonstrate that a regime of complete synchronization for the "in-phase" attractor is transferred into lag regime when a frequency mismatch is introduced. At the same time, the "out-of-phase" attractors also exist. They correspond to the regimes which are not lag synchronized but remain to be phase synchronized.
In the region of phase multistability, the transition to non-synchronous behavior is determined by the loss of stability for the most stable synchronous mode. The boundary of synchronization is easily diagnosed by phase portraits, the behavior of Lyapunov exponent, etc. The boundary structure is related to the bifurcations of saddle periodic orbits embedded in a synchronized chaotic set.
However, in the region of hyperchaos the mechanism of the loss of synchronization is not studied in detail and needs further investigations.
